We calculate e + e − →t 1t1 Z at a linear collider. For large splitting between the two stops the cross-section is sensitive to the value of mt 2 when this particle is too heavy to be directly produced. The results are compared to e + e − →t 1t1 h LAPTH-740/99
Introduction
In the minimal supersymmetric standard model (MSSM),the third generation of sfermions plays a special role both from the theoretical and phenomenological point of view. Large mixing in the third generation can induce large splitting between left and right-handed squarks leading in particular to a top squark significantly lighter than other sfermions.
With the Higgs, the stop could be the lightest scalar of the MSSM and thus particularly interesting to study at a linear collider where the moderate total energy restricts the number of sparticles that can be directly produced.
A large mixing in the stop sector not only drives the lightest stop mass down but also can induce large couplings between the top squark and the Higgs affecting in many ways the phenomenology of the Higgs. First, radiative corrections due to top and stop can significantly shift the value of the tree-level mass of the Higgs [1, 2] . More importantly, the Higgs signals at LHC-Tevatron could be completely different from what is generally expected in the MSSM with no mixing. The main discovery channel at the LHC, the loop induced direct production gg → h → γγ, can be severely suppressed [3] . Furthermore one expects modification of the two-photon width of the Higgs and possibly a large crosssection for associated Higgs productiont 1t1 h ort 2t1 h [4, 5, 6, 7] , wheret 1 (t 2 ) is the lightest(heaviest) top squark.
From the theoretical point of view there is also ample motivation for considering scenarios of light third generation sfermions. For example in inverted hierarchy models only sfermions of the third generation are light enough to be accessible at LHC/Tevatron or a future linear collider, all others being above the TeV scale [8, 9] . Even in models where one assumes universality of sfermion masses at a high scale, the degeneracy is lifted once the masses are run down to the weak scale according to the renormalization group equations and a lightt 1 is obtained particularly in models with non-negligible trilinear couplings. These models are especially attractive since they solve the supersymmetric flavor problem while preserving the naturality argument. Another motivation for considering a light stop is the possibility of obtaining electroweak baryogenesis [10] .
In scenarios with a light stop, as was pointed out in [11, 12, 13] , the stop pair production at a polarized linear collider can provide a measurement of both the stop mass and the mixing angle. Provided sufficient phase space it was also pointed out that the associated production of stops with a Higgs (e + e − →t 1t1 h) could be observable at a high energy linear collider for some region of the parameter space [7, 14] . In fact in the presence of mixing (associated with a large trilinear term A t ) and a heavyt 2 , the coupling of the Higgs tot 1 becomes very large. In [14] we advocated using the information fromt 1t1 h combined with the measurement of M h to extract the value of tan β and mt 2 while thet 2 would be too heavy to be directly produced through e + e − →t 1t2 . This is possible since to a good approximation we have shown that apart from tan β thet 1t1 h vertex depends only the parameters of the stop sector and so do the dominant corrections to M h [14] . However whent 1t1 h is kinematically accessible so ist 1t1 Z. The latter process also contains a diagram with Higgs exchange and is therefore also sensitive to the value of thet 1t1 h coupling. The purpose of this paper is to show that although the dependence on thet 1t1 h coupling is milder than int 1t1 h production, thet 1t1 Z process features in general a larger cross-section and it can provide complementary information on the parameters of the stop sector.
Stop parameters
The stop sector involves three independent parameters that can be taken as the physical masses of the two squarks and the mixing angle. The stop mass eigenstates are defined through the mixing angle θt, with the lightest stop,t 1 ,
The mixing angle is related to the off-diagonal term of the mass matrix
with A t the trilinear parameter of the top and µ the Higgs mixing parameter.
When only one stop is kinematically accessible as would most likely be the case at the linear collider, stop pair production (t 1t1 ) allows for the determination of one mass, mt 1 . The cross-section featuring a strong dependence on cos 2 θt, the amount of mixing can also be determined. This can best be done using polarized beams. A precision at the percent level has been estimated for the high-luminosity 500GeV collider. [15] In the decoupling limit of large M A , † it has been shown [14] that thet 1t1 h vertex depends only on the three parameters of the stop sector together with tan β, However it is precisely for this configuration that one has some strong constraints. These will be discussed in the next section.
Constraints from M h , ∆ρ and CCB
The most stringent constraint generally arises from ∆ρ which receives contributions from both sbottom and stops. When there is a large splitting between the masses of squarks, the contribution to the gauge-boson self energies becomes sizable and grows with the mass of the heavier squark. The soft-breaking mass, mQ L , being common to the two members of the SU(2) doublet, one parameter of the sbottom sector is related to that of the stop sector:
If we restrict ourselves to the limit of small mixing in the sbottom sector, θ b = 0, we are left with three free parameters among the five parameters of the third generation squark sector. These will be taken as the physical masses of the stops and the mixing angle, θt . In this limitb 1 ≈b L and is the only component entering the radiative corrections to ∆ρ.
Theb 2 is now purelyb R and decouples from the constraints. There are essentially three contributions to ∆ρ, which in the limit of small mixing in the sbottom sector simplifies to,
where the functions f (m 1 , m 2 ) include both one-and two-loop corrections and are defined in [16] . They vanish for equal masses. CCB(dash) and mb 1 for tan β = 10, µ = 400GeV , mt 1 = 120GeV and M A = 1TeV. The M h constraint for tan β = 2.5 is also shown (dot). The excluded region determined by the above constraints is within the respective boundaries indicated. Note that for cos θt ≈ 1, the ∆ρ constraint also excludes the region to the right of the second branch of the ∆ρ curve where the present limit on the mass of the sbottom is contained. Requiring sbottom production to be above threshold at a 500GeV linear collider (mb 1 ≥ 250GeV ) excludes the region to the right of the curve.The CCB constraint for µ = 800GeV is also displayed, the excluded region lies between the two CCB, µ = 800, curves.
Imposing the constraint that ∆ρ ≤ 0.0013 [17] , we found, as shown in Fig.1 , that for large mixing sin 2θt ≈ 1, the large values of mt 2 are ruled out. These results assume a fixed value of mt 1 = 120GeV . For a near maximal mixing angle, thet 2 cannot exceed 542GeV while for a mixing cos θt ≈ .4 one can allowt 2 up to 900GeV. When cos θt is small, (sin 2θt ≈ 0) masses in excess of 1TeV are allowed as the contributions from the terms with large mass splittings are damped by the factor sin 2 θt. When cos θt ≈ 1 there exist both a lower and upper limit on mt 2 . The region where mt 2 is small corresponds to one where the common SU (2) A larget 1t1 h vertex also means an important contribution to the Higgs mass. We have taken the approximate formulae at one-loop [18] including a running top mass to incorporate the leading two-loop corrections. In fact the correction to the Higgs mass depends on exactly the same combination of parameters than the one entering thet 1t1 h vertex [14] . For large mixings and larget 2 mass, the Higgs mass is driven below the present direct experimental limit, M h ≤ 90GeV , and as thet 2 mass increases is rapidly driven negative. While the value of the Higgs mass is dependent on tan β, there is only a small shift in the allowed region as M h drops very rapidly when the mixing increases. For the region of large sin 2θt, the constraint from ∆ρ is always more stringent, it is only for mixings below ≈ .4 that the Higgs mass becomes the most stringent constraint.
One should also mention the constraint arising from the requirement that the parameters do not induce colour and charge breaking global minima (CCB) [19] . An upper bound on A t , or on the amount of mixing, follows from this requirement. However it has been argued that the constraints based on the global minima may be too restrictive [20] . It was shown that for a wide range of parameters, the global CCB minimum becomes irrelevant on the ground that the time required to reach the lowest energy state exceeds the present age of the universe. Taking the tunneling rate into account results in a milder constraint which may be approximated [20] by :
This constraint depends on µ both explicitly and in the calculation of A t in terms of physical parameters(see 2.2). For the parameters we are entertaining here, with an intermediate value for µ, the mild CCB constraint does not come into effect, it is always superseded by both the ∆ρ and M h constraints. This value of µ was chosen such that there would not be other supersymmetric particles such as gauginos directly produced at the LC. However for large values of |µ| this constraint can become very relevant as both an upper limit and a lower limit on mt 2 are obtained. In fact for µ = 800GeV the whole area of near maximal mixing is ruled out for any values of mt 2 . Note that in the region near cos θt = 1 the lower bound on mt 2 increases significantly, in this region one obtains negative m 2Q L inducing CCB. Both the curves for µ = 400GeV and 800GeV are displayed in Fig. 1 .
Although the sbottom mass does not enter the calculation of thet 1t1 Z, one has to ‡ Note that when cos θt ≈ 1, the sbottom mass drops below the direct experimental lower bound. make sure that the sbottom mass does not drop below the experimental direct bound of roughly 80GeV. This can occur in the region where cos θt ≈ 1 especially for the low values of mt 2 . However this constraint is also superseded by the ∆ρ constraint, Fig.1 . Although not strictly a constraint, we are also interested in knowing whether or not the sbottom is light enough to be directly pair-produced at the linear collider. If such is the case, the direct measurement of its mass, at least in the approximation of small mixing, would be sufficient to completely define the parameters of the stop sector. Note that the region whereb 1 is light enough to be pair-produced corresponds to either small mt 2 or cos θt ≈ 1. In either case thet 1t1 h vertex is not large as seen in Fig.2 . As we are interested in probing the large Yukawa coupling, it is useful to estimate the strength of thet 1t1 h coupling before going to the full calculation. To this end we define the coupling squared normalized to the coupling in the no-mixing limit and without a D-term, this corresponds approximately to the strength of the tth coupling,
In Fig. 2 we show contour plots for this normalized coupling for µ = 400GeV and tan β = 10. These curves are based on the exact expression for the vertex (for example see [14] )
including the one-loop corrections to the mass and coupling of the Higgs. For clarity the M h and ∆ρ constraint discussed above are reproduced there as well. In Fig. 2 When presenting our results we will, unless otherwise stated, impose the limits M h > 90GeV, ∆ρ < .0013 [21, 17] together with the mild CCB constraint for µ = 400GeV , Eq. 3.8. we also impose a limit on the squark mass, mb 1 ≥ 80GeV [22] .
Results
The calculation was performed with the use of the GRACE-SUSY package for automatic calculation of SUSY processes [23] . We modified the tree-level package to include the important radiative corrections to the Higgs mass and couplings. We have included only one-loop corrections for the third generation squarks. For not too large values of tan β, the stop contribution completely overwhelms the sbottom contribution. As mentioned above, the relevant parameters are the masses of the stop squarks and the stop mixing angle. The mass of the pseudoscalar is taken to be M A = 1 TeV while we have chosen µ = 400GeV . The latter parameter in principle enters thet 1t1 h vertex but in effect does not influence much the numerical results. Although theb 2 does not contribute to thẽ t 1t1 Z process, we fixed mb 2 = 800GeV to ensure that this particle cannot be directly produced even at √ s = 800GeV . Due to the reduced phase space available at a 500 GeV collider, we have only considered the case mt 1 = 120 GeV. For this mass, the cross-section for e + e − →t 1t1 Z can vary by more than an order of magnitude from ≈ .05f b − 1.5f b depending on the value of the input parameters as well as on the choice of polarisation.
Note that this is far from the orders of magnitude variations that we encountered fort 1t1 h production [14] . Fig.3 shows how drasticallyt 1t1 h changes as mt 2 is varied compared to the mild variation oft 1t1 Z. The main reason for this difference is thatt 1t1 h is completely dominated by thet 1t1 h vertex whereas int 1t1 Z different classes of diagrams contribute, Fig.4 . To get a better understanding on the dependence on the input parameters it is instructive to consider the contribution from each set of diagrams. The crucial point to note is that some diagrams will involve only gauge couplings while others will involve Yukawa couplings. The latter are potentially large in the large mass splitting case. There are three classes of diagrams that enter this process, Fig. 4 ,
• a) Initial state Z radiation.
• b)Final state Z radiation, this includes a diagram with a quartic vertex.
• c)Final state Z radiation with exchange of at 2 .
• d) Higgs exchange diagrams. These also include a diagram involving the exchange of the heavy Higgs, which however is negligible.
The only diagrams involving the potentially large Yukawa coupling are, besides the Higgs exchange diagram, the ones corresponding to Z radiation offt 2 Fig. 4c) . The large factor from the propagator and we found the overall contribution to the cross-section to be rather small. Only the diagram with Higgs exchange will then feature a Yukawa coupling enhancement, hence a mt 2 dependence through thet 1t1 h coupling. This diagram will contribute to the cross-section according to the strength of thet 1t1 h vertex, from negligible to almost 100%, as Fig. 5 shows. In fact the contribution of this diagram can almost be inferred from the crosssection e + e − →t 1t1 h, see Fig.3 . As for the Z radiation diagrams, they are dominated by the contribution from Z radiation off initial beams (an order of magnitude larger than the Z radiation off stops). They account for σ = .2f b at cos θt = 0.4. For a collider of luminosity L = 500f b −1 , this corresponds to over 100 raw events. While these events could be recorded and the cross-section measured, it would not provide any additional information on the value of the unknown parameter of the stop sector, this could be considered as "background" events.
To analyse the mt 2 dependence of the cross-section, first consider the case of interme- 
The contribution of the Higgs exchange diagram is displayed(dash).
diate mixing, for example cos θt = .4. As was the case for e + e − →t 1t1 h, the cross-section is smallest for mt 2 ≈ 400 − 600GeV , this corresponds to the region where thet 1t1 h vertex drops significantly. As thet 2 mass increases the cross-section increases significantly by almost one order of magnitude. As reflected in Fig.5 , this is essentially due to the rapidly rising contribution from the Higgs exchange diagram, itself driven by the couplingt 1t1 h. At mt 2 = 900GeV, the Higgs diagram alone explains the major part of the cross-section, although some important interference effect between the Higgs exchange diagram and all other diagrams remains. In particular there is some small constructive interference between the initial Z breamstrahlung and the Higgs contribution and a more important (at the 10% level ) destructive interference between the final breamstrahlung and the Higgs exchange diagram. For this particular value of the mixing angle, the various contributions conspire to cancel each other at the highest mass and one is left with a cross-section which seems nearly 100% arising from the h exchange diagram. This fortuitous cancellation at cos θt = 0.4 does not occur when one looks at the polarised cross-section or at any other value of the mixing angle. Note that this behaviour is in stark contrast with what was obtained for e + e − →t 1t1 h. There, whenever thet 1t1 h vertex vanishes, the cross-section becomes exceedingly small, since the only diagram that does not contain eithertth vertices, the one originating from e + e − → hZ is completely negligible for the whole range of parameters. Indeed, at high energy a longitudinal Z, which is essentially a Goldstone boson, would be mainly produced but this Goldstone boson does not couple tot 1t1 . On the other hand, in associated Z production , the same hZ initiated diagram gives a significant contribution to the cross-section as it is now the Higgs accompanying the longitudinal Z that splits intot 1t1 pairs, and this with a potentially large vertex enhancement.
Next consider the effect of polarisation. While fort 1t1 pair production the value of the stop mixing angle determined the polarised cross-section, for thet 1t1 Z process one has to take into account other parameters as well. In the region where the cross-section arises mainly from the diagrams with a Z breamstrahlung, either initial or final, the polarisation dependence is expected to be similar to the one for stop pair production since essentially gauge couplings, which do not change the chirality are involved. In the latter process, the cross-section is dominated by e − R for cos θt ≤ .5 otherwise by e − L . However when the Higgs coupling tot 1t1 becomes large, which for intermediate or large mixing corresponds to the large mt 2 region, it is the Higgs exchange diagram that is responsible for most of the cross-section, Fig.5 . In this case the dominant polarisation configuration is the same as for an s-channel Z production. The ratio of the polarised cross-section is given more or less by the ratio of the couplings of the Z to e L and e R respectively. Note that the difference between the two polarised cross-sections is not very pronounced for the value of the mixing we have chosen, it is more marked in the case of small mixing, sin 2θt ≈ 0.
Furthermore for large cos θt one expects e − L to dominate whether or not one benefits from the large Yukawa enhancement. The expectations for different values of cos θt will be discussed next.
For cos θt ≈ 0, sin 2θt ≈ 0, one expects from the expression of thet 1t1 h vertex, Eq. 2.3, a very mild dependence on thet 2 mass, see Fig.6 . As a result of the m 2 t contribution cancelling against the mixing contribution, as cos θt increases the strength of thet 1t1 h vertex decreases until, for cos θt = .2 and mt 2 = 900GeV , there is a precise cancellation between the stop/top term in the vertex. One is then left with only the contribution from the breamstrahlung diagrams. Only when the mixing becomes significant can one see a rise in the cross-section at large masses. As discussed in the previous section, the ∆ρ constraint eliminates the upper range of cross-section as indicated by dots in Fig.6 . In fact when mixing reaches cos θt = 0.6, the maximum value for mt 2 ≈ 600GeV and σ ≤ 0.4f b § .
For large cos θt, because of the ∆ρ constraint (see Fig.2 ) one does not benefit from the strong enhancement of the vertex and σ cannot exceed 0.3f b. Furthermore, in these configurations the sbottom is often directly accessible in the pair production process, this is indicated by an arrow in Fig.6 . The numerical results confirm what we had anticipated in the previous section, whenever the sbottom can be pair-produced, there is not much interest in the 3-body processes. This point concerns not only thet 1t1 Z but alsot 1t1 h production as this is just a reflection of the strength of thet 1t1 h vertex.
The polarised cross-sections follow approximately the same pattern, see Fig. 7 . As expected, the e − L is dominant for large cos θt, the cross-section can reach 0.75fb even for a low mass mt 2 = 400GeV at cos θt = .9. The same polarisation dominates also for intermediate cos θt provided mt 2 is large, that is large Yukawa coupling, otherwise the choice of a right handed electron polarisation gives a larger cross-section.
For all numerical results presented we have taken mt 2 ≤ 900GeV , the maximum value allowed for cos θt = 0.4. However one should keep in mind that for smaller values of cos θt, the "large" Yukawa enhancement of the cross-section occurs fort 2 masses above 1TeV which still passes all constraints, see Fig. 1 . Nevertheless for these angles the fluctuations with mt 2 are never dramatic and lie within the 3σ interval with a highluminosity L = 500f b −1 .
We have already alluded to some of the differences between associated Higgs and associated Z production. The main point is that one does not expect as sharp a dependence on thet 1t1 h vertex (that is on mt 2 for a given mixing angle) as the processt 1t1 h itself since only one diagram contributing to thet 1t1 Z cross-section involves the Higgs. However as § In the maximal mixing region one hits a non-physical region where the Higgs mass is driven negative and the cross-section cannot even be computed, as is the case for example for 0.42 ≤ cos θt ≤ 0.88 when mt 2 = 900GeV . compared to the latter the associated Z channel features a larger cross-section for a large range of parameters. It could therefore be used in conjonction with the associated Higgs channel to help determine the parameters of the stop sector, in particular the mass of thet 2 , Fig. 3 . For example, assuming an efficiency of 50% and an intermediate value for σ = .38f b at cos θt = .4 for unpolarised beams one could deduce from a 3σ measurement a mass mt 2 = 700 +30 −50 GeV . The uncertainty is of the same order as that expected in e + e − →t 1t1 h [14] . For this particular mixing angle, roughly the same precision is expected from either electron beam polarisation.
If the lightest stop turns out not to be so light, one would need to go to higher centreof-mass energies to observe some events from the associated production of stop and Z. However higher energies can also mean more phase space for the direct production process e + e − →t 1t2 . Not only could the direct production oft 2 allow for the determination of mt 2 it can also trigger the final statet 1t1 Z. This occurs when thet 2 further decays iñ
Cross-sections of a few f bs can be reached [24] , and the partial width into this mode can be quite large, since thet 2 →t 1 Z L can benefit from the large Yukawa enhancement, as discussed earlier. This branching fraction however depends on the parameters of the MSSM and in particular those of the sbottom sector. We will not entertain this possibility any longer, here we rather consider only values of the two physical stop masses such that t 1t2 is above threshold . We have considered √ s = 800GeV and different values of mt 1 while varying mt 2 in the range such thatt 1t2 is above threshold. In this case we only see a mild dependence on thet 1t1 h vertex, and that mostly for the lower values of mt 1 , Fig. 8 . At this energy one can hope for a signal only for mt 1 below about 250GeV.
An important issue that remains to be quantified is the detectability of the signal both for the associated Higgs and the associated Z processes. For the parameters we are considering here, where besidet 1 only h and the LSP are light, the only decay mode oft 1 is into cχ 0 . An analysis of signatures and background for the stop pair production including the decay mode we are considering already exists [25] . This issue is also important for the extraction of mass and mixing angle in the pair production. Furthermore for the precise measurements of these parameters the question of radiative corrections needs to be taken into account. All the results presented here correspond to a rather large value for µ (µ = 400GeV ), different values of µ could lead to a different MSSM spectrum and eventually different decay modes for thet 1 . This could even facilitate the extraction of the signal. However for the production process itself, the numerical results would not differ much in the region that is most interesting, the large mass splitting region, since the contribution from the µ term to the vertex is small compared with the trilinear coupling contribution. Here we have used only one-loop corections to M h , the inclusion of the dominant two-loop corrections [2] should not affect the results very much as in associated Z production, we have found very little dependence on the precise value of the Higgs mass.
In conclusion, the process e + e − →t 1t1 Z should be measurable at a high luminosity linear collider such as TESLA, provided thet 1 is not very far above the present limit. While observable for any values of the parameters, (our conclusion applies to the small tan β regime), this process can give additional information on the not directly observable mt 2 provided there is large mixing and mass splitting. In this sense it is very similar tõ t 1t1 h. There are regions in parameter space where only thet 1t1 Z would be observable.
In this worst-case situation, even though the cross-section does not depend strongly on the parameters, one can still get a rough determination of a range for mt 2 . For the intermediate mixing we have discussed at length, non observation oft 1t1 h and a "low" value fort 1t1 Z would indicate at 2 in the 400-600 GeV range.
